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Abstract. Prediction of fatigue crack propagation in metallic structures sub-
jected to dynamic random load spectra, containing variable overloads and
underloads, is challenging because of possible retardation and acceleration
effects. In this paper, fatigue crack growth behaviour under random spectrum
load is investigated on ESE(T) specimens made of DNV 460 steel, which is an
HSLA steel widely used in the offshore industry. A reference spectrum com-
posed of a sequence of random loads is transferred into various reduced and
ordered spectra. Reduced spectra have been deﬁned based on a peak-valley
segmentation algorithm and on the deletion of non-damaging events. Ordered
spectra consist of block loading sequences determined by rainflow counting
methods. Speciﬁc control software has been developed that allows to execute
the K (stress intensity factor) controlled experimental program and perform on-
line crack growth measurement using a material compliance method. The dif-
ferent spectra are compared in terms of total crack extension and retardation in
crack growth rate. Algorithms for crack growth simulation have been imple-
mented in Abaqus using both existing and adapted plastic zone models.
Numerical results are critically compared to the experimental data.
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1 Introduction
The most important concern in case of a cracked structure or component is its
remaining useful life, or in other words how long a crack will grow until ﬁnal failure.
Fatigue crack propagation is a complex phenomenon as it is influenced by character-
istics of the loading proﬁle such as load sequences and amplitudes, load ratio, geometry
of the structure, material resistance, etc. For constant amplitude loading, it has been
successfully described with the help of fracture mechanics by means of well-known
relationships between stress intensity factor range DK and fatigue crack growth dis-
tance per cycle da=dN, such as the Paris-Erdogan equation [1]. However, for real
applications it is difﬁcult to predict crack growth under complex and variable amplitude
fatigue loading conditions, which may contain randomly distributed overloads and
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underloads. It is believed that a single overload contributes to a decrease of the crack
growth rate, while an underload accelerates the rate [2]. The mechanisms contributing
to the load interaction effects show that plastic straining or compressive residual stress
in front of the crack tip inhibits crack opening [3]. However, load interaction effects of
multiple overloads and underloads under a random load spectrum are more complex
[4, 5] and result in different crack growth rates. Rainflow counting methods are widely
used to process the complex load history, which allows to signiﬁcantly reduce the
complexity of a load spectrum by translating a random load into an ordered load
spectrum with blocks of constant amplitude at the cost of losing the load interaction
effect. In this paper, crack propagation under a random spectrum load and three dif-
ferently ordered load spectra are investigated with the objective of comparing the
influence of load ordering methods. Numerical simulations of fatigue crack propagation
for the various load spectra, based on the Wheeler model, are performed and consider
the plastic zone state in front of the crack tip to account for retardation. In the following
sections, experiment details are elaborated ﬁrstly and then the theoretical backgrounds
of numerical simulation and autocorrelation are explained. Comparison of prediction
results and experimental data of crack propagation are critically analyzed, and con-
clusions are given at the end of the paper.
2 Experimental Details
2.1 Materials and Specimen Conﬁguration
The material tested in this study is DNV F460, a high strength low alloy steel, which is
widely used for offshore substructures. Its mechanical properties are listed in Table 1.
Eccentrically-loaded single edge tension, ESE(T), specimens are used (Fig. 1). Before
testing, the specimens were fatigue pre-cracked according to the ASTM standard E647
[6] with a minimum pre-crack length of 1.5 mm. To avoid the influence of the plastic
zone generated by the pre-crack, the maximum stress intensity factor K of pre-cracking
cannot exceed the initial maximum stress intensity factor value Kmax of the effective
fatigue test.
Fig. 1. ESE(T) specimen geometry conﬁguration (mm)
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2.2 Load Proﬁles
K-controlled fatigue tests were performed using four different load spectra deﬁned in a
previous study [7]. 400 DK values with load ratios R = 0.1 are randomly shuffled into
the ﬁrst load proﬁle. Based on this random proﬁle, the second load proﬁle is scaled
down to 236 values by only considering the peaks and valleys of the random proﬁle,
illustrated in Fig. 2, which is referred hereafter as PaV proﬁle. Assuming that no crack
growth will occur when the driving force range is below the material threshold stress
intensity factor range DKth, the load proﬁle is further reduced to 196 values. This third
load proﬁle is referred to as Reduced PaV proﬁle. The rainflow counting method is
applied to the PaV load proﬁle to obtain a proﬁle ordered in decreasing order of DK.
Figure 3 demonstrates the so-obtained four load proﬁles. For each load proﬁle, tests
were performed by repeating the proﬁle 2000 times. The details of the generation of
four spectra are well-documented in reference [8].
Fig. 2. Peak-valley ﬁltering keeps only these data points (red dots) which represent reversals in
slope
Table 1. Mechanical properties of DNV F460 steel
Material ry
[MPa]
rUTS
[MPa]
E
[GPa]
m C m c DKth
[MPa  ﬃﬃﬃﬃmp ]
DNV F460 560 635 210 0.28 3.6e−9 3.064 0.7 5.0
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3 Theoretical Background
3.1 Autocorrelation Function
A mathematical autocorrelation function, deﬁned as the cross-correlation of a signal
with itself, is used to measure the degree of randomness of a load sequence. This
function is given by the following Eq. (1) [9]:
qk ¼
1
n k
Xnk
i¼1
xi  lð Þ xiþ k  lð Þ
r2
ð1Þ
where n is load spectrum length, k is lag of period, l is the average value, and r2 is the
variance of the load sequence. The autocorrelation is close to zero when the load
spectrum is random, while an ordered load spectrum approaches to 1 as strong
Fig. 3. Four types of load spectra proﬁles used in the testing: (a) random load; (b) peak-valley
load; (c) reduced peak-valley load; (d) rainflow-counted load with decreasing order of SIF ranges
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repetitions exist. Autocorrelation values of all four tested load sequences are discussed
in Sect. 4.
3.2 Wheeler Model
Wheeler [10] introduced a retardation factor /wh (ranging between 0 and 1) into the
calculation of fatigue crack growth rate, representing the degree of absence of inter-
action. The model is presented in Eq. (2), where n is the number of applied cycles and
DKi and Ri are the SIF range and load ratio of cycle i. Load interaction effects can
potentially be simulated as the net crack growth rate is no longer independent of prior
load history. The Wheeler model does not change input for the crack growth law, so the
straightforward Paris-Erdogan crack propagation law can be employed for f, provided
that the load ratio Ri is constant and its parameters C and m were obtained under that
load ratio.
an ¼ a0þ
Xn
i¼1
/wh;i  f DKi;Rið Þ ð2Þ
Figure 4 illustrates the plastic zones ahead of the crack tip after an overload cycle,
containing the relationship of all relevant elastic-plastic yield interfaces caused by
subsequent fatigue cycles. In the case of one overload applied at the crack length aOL, a
plastic zone of size rp;OL is generated. rp;OL can be calculated from the maximum SIF of
the overload Kmax;OL. The load of the following cycle applied at increased crack length
a, will cause a plastic zone of size rp ahead of the advancing crack tip. As rp is smaller
than rp;OL, the current plastic zone is fully embedded in the overload plastic zone for a
certain number of cycles [10, 11]. The condition for retardation has been deﬁned as the
current elastic-plastic interface being embedded inside the overload elastic-plastic
interface, namely aOLþ rp;OL[ aþ rp [10]. Thus, the equivalent condition for retar-
dation can be considered as rp[ rp, whose r

p is deﬁned as:
rp ¼ rp;OL  a aOLð Þ ð3Þ
rp represents the critical plastic zone size in the absence of retardation between two
cycles. As the crack grows, the values of rp and rp approach each other and the load
interaction effect will disappear. The retardation factor /wh can be obtained by Eq. (4):
/wh ¼
rp
rp
 x
rp[ rp
1 rp  rp
(
ð4Þ
The shape exponent x is determined experimentally for a given material and type
of loading because of its dependence on material strength and overload ratio [10, 12,
13]. Typical reported values range from 1.0 up to 4.0.
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3.3 Willenborg Model
Different from Wheeler’s model, the Willenborg model assumes that retardation occurs
due to the reduction of crack driving force by residual compressive stress generated in
the overload plastic zone [11]. As reflected in the formula shown in Eq. (5), the
Willenborg model modiﬁes the input for the crack growth law, DK and R, to calculate
the reduced crack growth rate indirectly.
an ¼ a0þ
Xn
i¼1
f DKieff ;R
i
eff
 
ð5Þ
Since different effective load ratios Reff are calculated by the Willenborg model,
Paris law curves are required for different load ratios. Thus, models incorporating
effects of R, such as the Forman equation or Walker equation are recommended [11,
14], although the Paris-Erdogan law can be adopted when a quantiﬁcation of the load
ratio effect is lacking or when the load ratio effect can be neglected [15].
The stress reduced Kred is deﬁned in Eq. (6):
Kred ¼ Kmax  Kmax ð6Þ
where Kmax is the maximum SIF without retardation, Kmax is the real maximum SIF.
The effective SIF ranges and load ratio are calculated by reducing both Kmax and Kmin
by Kred and are non-negative values, as shown in Eqs. (7) and (8):
Reff ¼
KminKred
KmaxKred
Kmin[Kred
0 Kmax[Kred Kmin

ð7Þ
DKeff ¼ DK Kmin[KredKmax  Kred Kmax[Kred Kmin

ð8Þ
Fig. 4. Post-overload plastic zones considered in crack tip plasticity models [14]
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4 Results and Discussion
Fatigue crack growth tests using four different load spectra introduced higher were
performed and numerical simulations were executed by a cycle-by-cycle fatigue
analysis script based on Wheeler and Willenborg models. The predictions without
considering the load interaction effect, using the classical Paris-Erdogan equation, are
also included for comparison.
Firstly, the autocorrelation factors qk are discussed. Figure 5 illustrates the auto-
correlation values of the four load proﬁles as a function of the cycle lag parameter. The
qk of the random load proﬁle fluctuates randomly in the range of −0.1 to 0.1. The
variations are increasing with the degree of load complexity reduction in PaV and
reduced PaV cases. This is caused by the increasing chance of identical load cycles
when there are less peak-valley values in the load proﬁle. Within logical expectations,
for the rainflow counted load sequence, qk is initially close to 1 and decreases with the
increase of cycle lag due to the ordered load sequence. It is worthy to note that the
autocorrelation curve of the rainflow counted load spectrum reaches its extreme negative
value at a cycle lag value around 30. This corresponds approximately with the end of the
ﬁrst load block with the maximum load amplitude. Once the cycle lag k increases
beyond the length of that ﬁrst load block, the autocorrelation function slightly increases
Fig. 5. Autocorrelation evolution in terms of cycle lag for four load spectrum proﬁles
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again. The curve of the rainflow counted spectrum shows a rather smooth and regular
behavior as compared to the other three which show scattered results as a function of
cycle lags.
Figure 6 shows almost linear evolutions of normalized crack length a/W as a function
of the number of cycles for all four load spectra. The reduction of the random load
spectrum in three different ways produces a different number of cycles corresponding to
the same normalized crack length. However, considering the ﬁnal crack length, the three
ordered load spectra yield almost identical values as compared to the random load
spectrum. It shows that there is a tendency that the more ordered the load spectrum is and
the faster the crack grow. This illustrates the possibility that random fatigue load testing
can be signiﬁcantly accelerated by using corresponding reduced load spectra.
The curves obtained for the PaV and rainflow counted spectra are almost identical
which means that the general crack growth rates are similar. It is also observed that the
load spectrum reduction does not noticeably influence the ﬁnal crack extension. The
difference between ﬁnal crack extensions is limited to around 5%. Therefore, the
damage accumulation processes for PaV and rainflow counted (decreasing range order)
spectra can be considered as being similar.
Comparisons of experimental results and numerical predictions for the four load
spectra are shown in Fig. 7. It is clearly demonstrated that predictions excluding the
load interaction effect, curves denoted as ‘no interaction’, agree better with the real
scenario in all four cases. It can be explained that influences from overload and
underload events tend to cancel out each other, so that no signiﬁcant net retardation or
acceleration in crack growth rate can be observed. The Willenborg and Wheeler models
give poor agreements with experimental results since both models fail to describe crack
growth acceleration effects due to underloads.
Fig. 6. Experimental results of fatigue crack growth for four different load spectra
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5 Conclusions
Fatigue crack growth tests have been performed in which ESE(T) specimens have been
subjected to four ordered and unordered load spectra. The degree of randomness of
these spectra was analyzed by means of the autocorrelation function. The spectrum
modiﬁcations, such as simpliﬁcation and reduction of non-damaging cycles and
ordering load sequences, decreased the randomness compared to the original spectrum.
The experimental results showed a clear influence hereof on the rate of damage
accumulation. However, a negligible influence on the absolute fatigue crack extensions
was noticed. Compared to the random load spectrum, the duration of experiments
based on reduced spectra was shortened with approximately 50%. Numerical simula-
tions of fatigue crack growth based on the Wheeler model, Willenborg model, and the
Paris-Erdogan model have been performed by a cycle-by-cycle fatigue crack analysis
script. Load interaction effects were observed to counteract each other under the ran-
dom load. Therefore, the numerical prediction without interaction effects generated the
best agreement with the experimental data. Conversely, the plastic zone based
Fig. 7. Comparison of the numerical predictions based on Wheeler model and Willenborg
model with experimental data for four different load spectra
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retardation models of Wheeler and Willenborg had no added value for simulation of
fatigue crack growth under random load spectra where both retardation and accelera-
tion of crack growth rate occur.
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